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Abstract: We theoretically investigate coupling interaction between molecule excitons and 
whispering gallery modes (WGMs) that approaches the limit of single exciton strong coupling 
in hyperbolic metamaterial (HMM) cavity, composed of a dielectric core wrapped by several 
stacks of alternative layers of metal and dielectric. We demonstrate that associated with the 
excitation of the whispering gallery mode, the electric fields with resonance wavelengths that 
are much larger than the cavity size can be highly localized within a dielectric layer, leading to 
extremely small mode volumes. By using temporal coupled mode theory to model the 
interaction in the proposed WGMs-exciton system, we are able to demonstrate that the coupling 
between molecular excitons and hyperbolic cavity WGMs can reach the strong coupling 
regime. Furthermore, we also prove that changing both the thickness of inner core and 
outermost layer can lead to invariant resonance frequency while the threshold number of 
coupled excitons to fulfill the criteria for strong coupling remains ~ 4 in various sets of tunable 
HMM cavities. 
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1. Introduction 
One of the building blocks for quantum optics is the hybrid state of visible light and individual 
emitter[1] with significant cavity quantum electrodynamics effects. Profound phenomenon will 
emerge when the light and matter strongly couple with each other as part light, part matter, 
serving as the versatile platform to study fundamental science, e.g. complex natural 
photosynthesis process[2], Bose-Einstein condensation of polariton[3], photon 
entanglement[4] and bi-stability[5]. On the other hand, strong coupling will facilitate the 
sensing and modification of local optical field (e.g. low-loss switches and laser[6, 7], pinpoint 
molecule detection[8-10]) and harvest the light energy with increased coherent energy transfer 
rate (e.g. enhanced solar cell efficiency[11]). To fulfill the criterion of light-matter strong 
coupling, the rate of light transfer (𝑔) between cavity and emitter must exceed the emitter 
scattering rate (𝛾) and cavity loss rate (𝜅), namely 2𝑔 > 𝜅, 𝛾[12-15], which is challenged by 
hundreds-fold difference of spatial scales between visible light and individual emitter.  There 
are mainly two routes to address the challenge. One is to lower 𝜅 with high quality factor (Q) 
cavities[16]. Progress has been made in this direction, with the invention of whispering gallery 
spheres[17], micro-disks[18, 19], photonic crystals[20], micro-pillars[21] and nanoparticle-on-
mirror geometry[22, 23]. However, this approach is limited by the size of the cavity, as g is 
proportional to 
1
√𝑉
  and the mode volume can be hardly below 𝑉𝜆 = (
𝜆
𝑛
)
3
[24-26], putting a 
physical limit for promoting 𝑔 in this way. Another way is to lower 𝛾 with special cryogenic 
systems like diamond vacancy[27] and quantum dots in semiconductor cavity[28]. Likewise, 
this is constrained by the complex fabrication and extreme temperature condition that are not 
favorable for practical application. Up to now, the single or few molecule exciton strong 
coupling is only realized in rarely special experimental designs[1, 29], while a synthetic study 
with comprehensive theory that guide to tune the structure still lacks, which is imperative.  
In this paper, we demonstrate spherical hyperbolic metamaterial (HMM) cavities, 
composed of a dielectric core wrapped by five alternate metal/dielectric pairs, which display 
dipolar whispering gallery modes (WGMs), can serve as a tunable platform for strong coupling 
with few molecular exciton. Associated with the excitations of the dipolar WGMs, the electric 
fields with resonance wavelengths much larger than the cavity size can be highly localized 
within a dielectric layer, leading to very small mode volumes. By introducing J-aggregate into 
the layer of localization, we prove that the WGMs can couple to the molecular excitons, which 
displays Rabi splitting of 93 meV in the extinction and absorption spectrum. By utilizing the 
two-oscillator temporal coupled theory to describe the proposed WGMs-exciton system, we are 
able to confirm that such a coupling process can reach the strong coupling regime. Furthermore, 
we demonstrate the resonance frequency and threshold of molecule exciton are both invariant 
by changing the inner core and outermost layer thickness, demonstrating the tunable feature of 
HMM for strong coupling with few (~4) molecule exciton. 
2. Results and discussions 
Figure 1(a) inset shows the schematic of a spherical HMM cavity, consisting of a dielectric 
core with a dielectric core (radius: r =3.8 nm) alternately wrapped by metal (thickness: t = 5 
nm) and dielectric layers (thickness: d = 5 nm), thus the filling factor for thickness of metal 
layer over the multilayer unit in this structure is f =  
𝑡
𝑡+𝑑
= 0.5. Here the dielectric core and 
shell both have the refractive index of n = 1.25 (e.g. aerogel). The metal is silver with refraction 
index from experimental data[30]. Such a structure has been realized experimentally by two-
step fabrication that is feasible for almost all deposition of metal/dielectric multilayer[31]. 
Throughout the paper, the scattering, extinction and absorption problem of sphere is 
analytically solved by Mie theory[32]. Using effective medium description, the permittivity 
tensor of metamaterial spherical cavity is represented by 𝜀𝑒𝑓𝑓 =  𝜀𝑟 ?̂??̂? + 𝜀𝑡 ?̂??̂? + 𝜀𝑡 ?̂??̂?, where 
the relative permittivity along the radial direction  ε𝑟  and the sphere surface 𝜀𝑡  to be 𝜀𝑟 =
𝜀𝑚𝜀𝑑
[𝜀𝑚(1−𝑓)+𝜀𝑑𝑓]
> 0, 𝜀𝑡 = 𝜀𝑚𝑓 + 𝜀𝑑(1 − 𝑓) < 0 [33] respectively, with f  being the filling ratio 
of metal layer of the multilayer period and 𝜀𝑚, 𝜀𝑑 being the permittivity of metal and dielectric, 
respectively. The indefinite property of the permittivity tensor enables the spherical HMM to 
support WGM by Wu et al.[34]. Figure 1(a) shows the extinction spectra displays a clear peak 
around energy E = 1.79 eV . Via Mie solution, the spectra can be decomposed into each 
multipolar contribution, represented by electric a𝑙  and magnetic b𝑙  ( b𝑙 ≪ a𝑙,  in our case) 
coefficients by Mie expansion. Whispering gallery mode denoted by WGM𝑙,𝑚 with the same 
angular momentum (l) may have different mode orders m, where m corresponds to m𝑡ℎ longest 
resonance wavelength and localized maxima field within the m𝑡ℎ layer from the outmost shell. 
From Figure 1(a), it is clear that the first electric term a1 dominates the extinction spectra in the 
wavelength range shown in the figure. To locate the resonance peak in the field contribution, 
we calculate the spatial distribution of the electric field enhancement (|𝐸/𝐸0|) at resonances 
WGM1,4 and WGM2,2 respectively, which proves that the electric fields are tightly localized 
within the 4th and 2nd dielectric layer from outermost shell respectively, while in the former the 
field intensity is enhanced larger than in the later. Quality factor Q =  
𝜆𝑟𝑒𝑠
Γ
, with Γ from Fano 
lineshape fitting bandwidth, is found to be Q ~ 46.5 for WGM1,4 . On resonance, the mode 
volumes of the resonance WGM1,4  is 8.9 × 10
−5 (
𝜆
𝑛
)
3
from 𝑉𝑚 =
∭ 𝑊(𝑟)𝑑3𝑟
max {𝑊(𝑟)}
, with W(r) =
  
1
2
[𝑅𝑒 [
𝑑(𝜀(𝑟))
𝑑𝜔
] |𝐸(𝑟)|2 + 𝜇|𝐻(𝑟)|2] [37] being the energy density at position 𝑟. Such an extremely 
small mode volume is due to the indefinite property of permittivity tensor, so the Purcell factor 
𝐹𝑝 =
3
4𝜋2
(
𝜆
𝑛
)
3 𝑄
𝑉𝑚
 is about 3.9 × 104 , which makes the coupling with dye molecule exciton 
easier. 
 
Fig. 1. (a) Extinction efficiency (𝑄𝑒𝑥𝑡) and absorption (𝑄𝑎𝑏𝑠) spectrum of the HMM cavity, 
which is decomposed into first two electric terms (𝑎1, 𝑎2) of Mie expansion. For clarity, the 
contribution from 𝑎2  is magnified 10 times. Inset: Schematic of a spherical HMM cavity 
composed of a dielectric core (radius: r = 3.8 nm) and five alternating layers of silver (thickness: 
t = 5 nm) and dielectric (thickness: d = 5 nm). (b) Rabi splitting with 93 meV in the extinction 
and absorption spectrum when J-aggregate is introduced into the field resonance layer. Inset 
schematically indicates that molecule exciton is put on the fourth layer from outermost shell 
(yellow region). (c) and (d) show the field intensity enhancement profile of 𝑊𝐺𝑀1,4  and 
𝑊𝐺𝑀2,2 in k-E plane, respectively. Dashed lines indicate the interfaces.   
So far, the HMM cavity that displays the mode of WGM1,4 with resonance frequency at 1.79 
eV, can couple with the J-aggregate molecule exciton mode. The J-aggregate[34] with central 
resonance frequency 𝜔𝑒 = 1.79 𝑒𝑉 and damping rate 𝛾𝑒 = 52 meV is described by Lorentz 
oscillator model as 𝜀𝐽(𝜔) = 𝜀∞ +
𝑓𝜔𝑒
2
𝜔𝑒2−𝜔2−𝑖𝛾𝑒𝜔
. 𝜀∞ = 1.25
2 is the dielectric constant of 
background dielectric layer, f =0.03 is reduced oscillator strength of excitons related with 
the molecule exciton number. As is shown by the inset of figure 1(b), the J-aggregate 
exciton is put on the fourth layer from the outermost shell and molecule exciton mode 
couples with the WGM1,4 within the cavity with particular parameter ℎ1 = 3.8 𝑛𝑚, ℎ2 =
5 𝑛𝑚 , which results in Rabi splitting of Ω =93 meV as is shown in extinction and 
absorption spectrum of molecule-doped cavity in figure 1(b). The simultaneous splitting 
in extinction and absorption spectrum verifies the occurrence of strong interaction 
between molecule exciton and HMM cavity. In figure 2(a), HMM cavity resonance 
frequency displays red-shift and can cross ω = 1.79 eV (horizontal dashed line) when the 
radius of inner core ℎ1 reaches 3.8 𝑛𝑚 in the process of ℎ1 varying from 1 nm to 7 nm 
while the thickness of outermost layer ℎ2 staying constant. In contrast, after J-aggregate 
molecule exciton is introduced into the cavity, there is a distinct anti-crossing behaviour 
in extinction spectra from figure 2 (b) and absorption spectra from (c) when the structure 
is detuned by varying h1.  This behavior is further verified by blue-shift and anti-crossing 
figure 2 (d)-(f) when detuning the resonance by varying h2. In both cases, we can get the 
distance of two anti-crossing branches at resonance equal to 93 meV, consistent with the 
Rabi-splitting result. This can be explained by Jaynes-Cummings picture[35]. The dispersion 
in anti-crossing is illustrated by  𝜔± =  
1
2
(𝜔0 + 𝜔𝑒) ±
1
2
√Ω2 + 𝛿2.  Here  𝜔± represents the 
upper and lower branches, 𝜔0 is the hyperbolic resonance frequency, which is changed when 
varying the structure. At resonance, 𝛿 = 𝜔0 −  𝜔𝑒 = 0, so the distance between two peaks 
equal to  Ω, the splitting energy. 
 
 
Fig. 2. Extinction spectra of the HMM cavity without (top panel (a), (d)) and with molecules 
(middle panel (b), (e)), and absorption spectra of the HMM cavity with molecules (bottom panel 
(c), (f)). There is anti-crossing at the transition energy of molecule exciton (horizontal dashed 
line) when molecule is put into the cavity in the yellow region of figure 1(b) inset. On the left, 
(a)-(c) represent the cavity structure changes ℎ1  and reaches on resonance condition when 
ℎ1 equals to 3.8 𝑛𝑚 (vertical dashed line), while the outer layer thickness ℎ2 is fixed. On the 
right, (d)-(f) represent the cavity structure changes ℎ2 and reaches resonance condition when 
ℎ2 = 5 nm (vertical dashed line), while the core radius ℎ1 is fixed.  
To further extract the molecule exciton number involved in coupling interaction, we utilize 
the two-oscillator temporal coupled mode theory [13, 36] to analyze the interaction between 
molecule exciton and hyperbolic metamaterial cavity. As discussed above through spectrum 
and field profile analysis, we have known the coupling process relates hyperbolic cavity 
WGM mode and molecule exciton mode, which can be viewed as one bright oscillator and 
one dark massive oscillator in temporal coupled model, respectively. Firstly we have several 
assumptions about intuitive physical interaction: There is no interaction between molecules 
due to dilute molecule among the dielectric layer; the molecule exciton mode only couples to 
the cavity; the hyperbolic mode itself is no loss; only one port for incident and outgoing 
poynting energy flux, which means the cavity mode only couples to incident energy flow. 
Under such assumptions, the one-port two-oscillator temporal coupled model under these 
assumptions is, 
𝑑𝑃1
𝑑𝑡
= −𝑗𝜔1𝑃1 + 𝑗𝜅1𝑒𝑃𝑒 + 𝑗√𝛾1𝑠𝑆+ 
𝑑𝑃𝑒
𝑑𝑡
= −𝑗𝜔𝑒𝑃𝑒 −
𝛾𝑒
2
𝑃𝑒 + 𝑗𝜅1𝑒𝑃1 
𝑠− = −𝑠+ + √𝛾1𝑠𝑃1 
𝑄𝑒𝑥𝑡 = |𝑠+|
2 − |𝑠−|
2 
Here 𝑃1, 𝑃𝑒  respectively represent the HMM cavity and molecule mode amplitudes. 
𝜔1, 𝜔𝑒  are resonant frequency in their respective modes, 𝛾𝑒 is the damping rate of molecular 
oscillator, as we have known 𝜔𝑒=1.79 eV, 𝛾𝑒 =52 meV. In the coupling interaction between 
these two oscillators, 𝜅1𝑒 represents the coupling strength between WGM of HMM cavity and 
molecule exciton mode. 𝛾1𝑠  is the coupling coefficient between cavity mode and incident 
energy flow.  𝑆+ and  𝑆− are the incident and outgoing energy flux respectively. Since 
extinction is the sum of scattering and absorption, equal to the amount of energy loss of incident 
relative to outgoing flux, extinction is proportional to the difference of 𝑆+ and  𝑆−, therefore 
extinction efficiency Q𝑒𝑥𝑡  can be written as Q𝑒𝑥𝑡 = |𝑠+|
2 − |𝑠−|
2. 
 
Fig. 3. (a) Extinction spectrums of WGM1,4 in HMM cavity without molecule exciton from Mie 
theory (red squares) and fitting by two-oscillator temporal coupled mode theory (blue solid line). 
(b) Extinction spectrum of plexciton mode in the molecule-doped HMM cavity from Mie theory 
(blue circles) and further fitted by temporal coupled mode theory using same parameter from (a) 
except for κ1𝑒 ≠ 0. Both (a) and (b) show consistence between TCMT and Mie theory. (c) The 
equi-energy plot of HMM cavity resonance as a function of inner core radius ℎ1 and outer layer 
thickness ℎ2. The dashed line in (c) indicates WGM with resonance of 1.79 eV contours, where 
at point A the mode volume is 8.99 × 10−5 (
𝜆
𝑛
)
3
and Purcell factor is 4.27 × 104 and at point B 
the mode volume is 8.62 × 10−5 (
𝜆
𝑛
)
3
and Purcell factor is 4.15 × 104. (d) The coupling strength 
κ1𝑒 (blue line) and κ𝑐  (red line) as a function of inner core radius ℎ1  for each ( ℎ1, ℎ2 ) 
combination on the dashed line of (c). All the combinations of (ℎ1, ℎ2) fulfills strong coupling 
criteria  κ1𝑒/κ𝑐 > 1. 
We use two-step fitting to get the interaction coefficients as described above. If 𝜅1𝑒 is zero, 
then there is no interaction between cavity and molecule, which means the extinction is from 
the single HMM cavity, as is verified in figure 3(a) that the fitting extinction spectra (blue line) 
from figure 1 is in excellent agreement with the spectra obtained from Mie theory (red square). 
Using the fitting coefficients except for 𝜅1𝑒, there is only one freedom of optimization, which 
is much easier and more convenient to check our assumptions. As in the figure 3(b), we get 
consistent fitting in the second step using the same coefficients from the first step except that 
κ1𝑒 ≠ 0. Therefore, our assumptions made above are valid in understanding the interaction 
between molecule exciton and hyperbolic cavity mode. Based on the optimal coefficients from 
TCMT fitting, the coupling strength between two oscillators in the particular structure is 
47.3 meV. The system can be treated as light-matter strong coupling only when the coupling 
strength is larger than critical strength 𝜅𝑐 = √
Γ2+𝛾𝑒
2
8
 , where Γ is fano fitting loss and 𝛾𝑒 = 52  
meV is molecule exciton damping rate. From Fano fiting of the lineshape in figure 1, Γ =
38.5 meV. So critical strength in this case is 𝜅𝑐 = 22.8 meV, which is smaller than the coupling 
strength in the coupling of two oscillators, demonstrating that the system with HMM cavity and 
molecule exciton has entered strong coupling regime[14].   
Now we broaden our investigation for TCMT model in a fixed structure to a wide range of 
tunable structures. Figure 3(c) collects a wide range of equi-energy plot of HMM cavity 
resonance structures with inner core radius ℎ1 and outer layer thickness ℎ2. From the dashed 
line in (c) we got multiple setups all of which support WGM at resonance of 1.79 eV, which is 
used in figure 3(d) to show 𝜅1𝑒  and 𝜅𝑐  as a function of inner core radius ℎ1 . Note that the 
coupling strength 𝜅1𝑒  for fixed number of exciton change greatly as the structure mode volume 
and Purcell factor change, as on the dashed line in figure 3(c), point A: V𝑚 = 8.99 × 10
−5 (
𝜆
𝑛
)
3
, 
F𝑃  = 4.27 × 10
4  and point B: V𝑚 =  8.62 × 10
−5 (
𝜆
𝑛
)
3
,  F𝑃 = 4.15 × 10
4 . However, the 
critical strength 𝜅𝑐  of the coupling stays almost constant, which inspires us that the threshold 
number of exciton for strong coupling might be constant in these sets of structures. We relate 
this definition 𝜅1𝑒 =  √𝑁𝜇𝐽√
ℏ𝜔
2𝜀𝜀0𝑉𝑚
  [15, 37] with the TCMT fitting result parameter  𝜅1𝑒, thus 
the number of molecule N  involved in the threshold strong coupling (𝜅1𝑒 = 𝜅𝑐) interaction 
with the hyperbolic metamaterial cavity is, 
𝑁 =
2𝜀𝜀0𝑉𝑚
ℏ𝜔𝜇𝐽2
𝜅𝑐
2 
Here 𝜇𝐽  is the molecule dipole moment 20 Debye, 𝜅c is parameter from the Fano fitting 
from extinction spectrum of the HMM cavity structure without bringing into molecule exciton, 
𝜀 = 1.252  is the relative permittivity of the dielectric layer molecule sit in, 𝑉𝑚  is the mode 
volume,  ℏ𝜔 = 1.79𝑒𝑉 is the resonance frequency. Thanks to the Fano loss in the hyperbolic 
cavity is associated with the intrinsic permittivity tensor, the molecule exciton number for 
threshold strong coupling remain 4, after taking rounded number of equation above, which is 
very close to the final goal of single exciton strong coupling. Therefore, we have discovered a 
set of tunable hyperbolic metamaterial cavity that requires only 4 molecule exciton to fulfill 
strong coupling. It is worthwhile to note that future cavity improvement would be possible to 
further minimize the threshold number of exciton. 
 3. Conclusions 
To conclude, we prove that the strong coupling between hyperbolic metamaterial cavity and 
molecule exciton can benefit from the localized field at the dielectric layer with extremely small 
mode volume. Strong interaction between cavity mode and molecule exciton are further 
demonstrated by Rabi splitting in extinction and absorption spectrum, and the anti-crossing 
phenomenon when the resonance is detuned by varying inner core radius or the outermost layer 
thickness. Using two-oscillator temporal coupled mode theory, we proved the coupling between 
two oscillators have reached strong coupling regime. Within multiple setups that display the 
resonance frequency at 1.79 eV, we are able to extract the threshold number of molecule exciton 
in each setup by relating the number of molecule exciton with the critical strength. Though the 
coupling strength in different setups vary a lot with fixed exciton number, we can get the 
threshold number of exciton for strong coupling with the cavity always around 4, thus realizing 
few molecule exciton strong coupling with tunable hyperbolic metamaterial structures. Looking 
forward, experimental designs can fabricate the structures in our designs and facilitate the future 
study of quantum information.  
 
